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On the basis  of the boundary- layer  equations solutions a re  obtained for  the p rob lems  of convect ive  and 
combined heat t r ans f e r  under conditions of f ree  convection in t ransparen t  and gray media.  The solution 
fo r  convect ive heat t r ans f e r  in a t r anspa ren t  medium is obtained by means of a Tay lor  expansion of the 
t e m p e r a t u r e  function. Express ions  for  the rad ia t ive  and convect ive components of combined heat t r ans fe r  
a re  a lso  presented ,  and it is shown that these f luxes a re  i n t e r r e l a t ed  quanti t ies .  

The noniso thermal  motion of a medium along a wall is accompanied by format ion  of hydrodynamic and the rmal  
boundary l aye r s  of thickness  5 = ~o(x) and 6 T = ~(x), r e spec t ive ly  (Fig. 1). 

r0po i 

Fig. I. Model of boundary layer near 

wall. 

The re la t ionship  between the boundary l aye r s  can be r ep re sen t ed  in the fo rm 5T/6 = 4. 

The momentum and energy t r ans fe r  near  a v e r t i c a l  wall can be r ep re sen ted  by the following sys tem of equations:  

O(p ~ . )  + O(pW~) _ O, (1) 
Ox Oy 

p Wx + p Wy Oy = p @--~- + 

+ g (p - -  po), (2) 

c)T + c)T _ 
pcpW~ ~xx p%Wy @ 

O~T Oo c~2T ~ 
= ~  ~ - - ,  (3) 

Of  k Oy ~ 

P -- p RT. (4) 

The second t e r m  on the r ight-hand side of the energy t r ans fe r  equation (3) c h a r a c t e r i z e s  the change in the 
radiant  flux, which for media with cons iderable  optical densi ty  k5 > 6 is r ep resen ted  using the diffusional concept of 
energy  t r ans fe r .  

The second term on the right-hand side of the momentum equation (2), which takes the effect of gravitational 
forces into account, can be represented in the somewhat different form: 
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,) 
g (p - po) = - - g -  7 To ' 

where  T o is the t e m p e r a t u r e  of the medium outside the boundary l ayer .  Expanding the function 1/T in a Taylor  s e r i e s  
near  the point 1 /T 0 and cutting off the s e r i e s  af ter  th ree  t e r m s ,  we obtain 

g(P--P~ gP (2-- 3T --~-o ) 
RTo k To + " 

To solve the sys tem of equations (1)-(4) it is n e c e s s a r y  to take the fol lowing boundary conditions into account:  

OWx y=6 Wx I,J=0 = O; Wy b=6 = O; ~ = O; 

OT = 0; T[v=o = Tw; Tlu=%---- To; - ~ g  u=% 

W u [.~=0 = 0. 

We introduce the new va r i ab le s  • = y /6 ,  ~?T = Y/6T" 

The ve loc i ty  f ie ld  can be r ep re sen t ed  in the following fo rm:  

t , w ,  - q~ (n), (5)  
Po u 

where  u is  a constant with the d imension of veloci ty .  

Different ia t ing both s ides  of (5) with r e spec t  to x, we obtain 

a ( p w ~ )  _ Oo~,P ' tOn • a a 
Ox 6 Ox 

Using the continuity equation (1), we find the y-component  of the veloci ty  

I. 
0 

The t e m p e r a t u r e  f ie ld  can be r e p r e s e n t e d  in the following f o r m :  

T 
- -  r (nT). Tw --To 

Different ia t ing both s ides  of (6) with r e spec t  to x and y, we obtain 

OT 1 0 6 
- -  ( T w  - - T o )  ~ '  (~n) - -  - -  

Ox 6 Ox 

OT:(Tw_ro) O, ! .  
ay a (~n) a 

(6)  

Thus, using the above t r ans fo rma t ions ,  we reduce the momentum equation (2) and the energy t r a n s f e r  equation 
(3) to the fo rm 

- -  (~ (n) ~ (n,))' S ~ ~ (n) d n = A, [~ (~) r (nor'  + 
0 

] (7) 
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- - , '  (gn) ; m (~n) d (~n) = A a2 ~ a2 (r 
a (~n) ~ t- A, a (~l) 2 

0 

(8) 

w h e r e  

A1 = ~ a d6 ; A~ = d6 ; 
u6 - -  u5 - -  

dx dx 

A8 g [IA T 6 % A T a 
d6 ; A4 = d6  

u2 - -  P0 cpku 6 - -  
dx dx 

We find the so lu t ion  of Eqs .  (7) and (8) in s e r i e s  f o r m :  

(P (~1) = ao -Jr- a l  1"1 q- az TI e -Jr- a 3 TI a Or- ar rl 4 @. .  �9 

r (n~) = bo -§ bl (~n) + b~ (~n) ~ + G (~)'~ + b, (~n) ~ + . . .  

By us ing  the boundary  condi t ions  at y = 0 we can  find the va lue  of the coe f f i c i en t s  a 0 and b0: 

ao = O; b o -  Tw 
T w - -  To 

Using Eqs .  (9) and (10) in so lv ing  the s y s t e m  of equa t ions  (7) and (8), we  can  obtain  the v a l u e s  of the 
e o e f f i e i e n t s  a2, ~a, a4 . . . . .  b2, b3, b4 . . . .  in the  f o r m  of func t ions  of a I and b 1. 

(9) 

(I0) 

An a n a l y s i s  of the coe f f i c i en t s  b i ob ta ined  enab le s  us to d e s c r i b e  the  t e m p e r a t u r e  f i e ld  in the  boundary  l a y e r  by 
m e a n s  of the fo l lowing  e x p r e s s i o n :  

T 

T w  - -  To 

Using  the  boundary  cond i t ions  at r] = 1 

Tw albl ~4 
Tw - -  To bl ~1 - -  

24[A2 + 4 A 4  ( Tw Iz] 
L \ A T I J  

1080 (bl ~)4 

+ [ & (ATI= rw 1~ 
~ - ~  \ Tw / + 4  AT J 

120 (bl ~)41 1 
4[ rw l, f{ Ar ? I  

+ 

(11) 

T - - T w . = _ _ I  and d T = 0  
Tw -- To drl 

we f ind 

4 
b ~  = ----, (12) 

3 

! Tw \a7~[ A T  ~6 

AT a +o,44o_o    +4( rl(w ) }x 
{ rw ?l t Ar ?i-,},," 

Subs t i tu t ing  the  v a l u e s  of the  coe f f i c i en t s  a i in Eq.  (9) and us ing the  bounda ry  condi t ions  at *? = 1 in the f o r m  
W x = 0 and 0Wx/8  v = 0, we obta in  the fo l lowing  s y s t e m  of equa t ions :  

781 



0
0

 
L

~
 

J 
L 

o 

§ 

c
~

 

q~
 

~o
 

~'~
'~ 

~ 
~ 

~ 
~1

 ~ 
§ 

~"
 ~

l~
 

~i
 ~

 
~4

~ 
~ 

c~
 l 

~ 

] 

�9
 

L~
 

�9
 

t~
 

~J
 

v 
~ 



JOURNAL OF ENGINEERING PHYSICS 

where  

roTo~ V~ 
V = 2 - E ~  - -  3 ~AT~--  + A---~; 

% = 3  To - - 2  Tw 
AT AT 

It is not poss ib le  to find the values  of the coeff icients  a 1 and bl in genera l  fo rm,  since the sys tem of equations 
contains two va r i ab les  AT/Tw and N = A2/A 4 = Xk/cr0LT 3. T he re fo r e ,  the subsequent solution was obtained for  
spec i f ica l ly  se lec ted  values of A T / T  w and N. Al together  we examined 16 var ian ts  with four values of A T / T  w [0.1; 
0.2; 0.3; 0.4] and four values of the p a r a m e t e r  N [0.1; 1; ]0; 100], cha rac t e r i z ing  the ra t io  of the quantity of heat 
t r a n s f e r r e d  by heat  conduction to the quantity of heat t r a n s f e r r e d  by radiat ion.  

In examining the p rob lem of energy t r a n s f e r  by f r ee  convection only, without al lowance for  rad ia t ive  t r ans fe r ,  
we analyt ica l ly  de te rmined  an express ion  for  the convect ive  h e a t - t r a n s f e r  coefficient  

Nu = c ~ / ~  ~/'G--~. (16) 

In this case  the coeff icient  C depends only on the ra t io  A T / T  w (Table 1). If the t empe ra tu r e  drop (T w - To) is 
incons iderable ,  the coeff ic ient  C does not change and may be taken equal to 0.315. 

Table.  1. The Coefficient  C as a Function of the P a r a m e t e r  AT/Tw 

AT 
0.1 0.2 0.3 0.4 0.5 

Tw 

C 0.315 0.317 0.315 0.296 0.277 

The express ion  obtained is in good ag reemen t  with H e r m a n ' s  solution obtained by introducing a specia l  s t r eam 
function. 

As dist inct  f rom Herman ' s  solution, which subst i tutes  1 /T 0 for  the t empera tu re  function I / T  in the momentum 
equation (2), our solution employs the f i r s t  th ree  t e r m s  of the Taylor  expansion of the function. 

As pointed out above, the solution of the p rob lem in the p r e sence  of combined heat t r ans f e r  was obtained 
sepa ra t e ly  for  each of the se lec ted  var ian ts  (of N and ~ T / T w ) .  As a r e su l t  of the solution we found an express ion  that 
enabled us to de te rmine  the convect ive h e a t - t r a n s f e r  coeff icient  under conditions of combined heat t r ans fe r :  

where 

(17) 

C* = (N~ lis+~ ~176 A T_T (18) 
Tw 

The heat flux qc is given by the express ion  

L 
qc = -  AT Nu*. (19) 

X 

Thus, fo r  each specif ic  value of the p a r a m e t e r s  of the medium and the wall  it is poss ible  to find the convect ive  
heat flux. 

In Fig .  2 the convect ive  heat flux is shown as a function of the p a r a m e t e r s  N and the optical densi ty of the 
medium (kS), in this case CO 2. 

An analys is  of graph shows that as the optical densi ty of the medium inc rease s  the convect ive  component a lso  
i n c r e a s e s .  

As the p a r a m e t e r  N d e c r e a s e s ,  a marked  inc rease  in the convect ive heat flux is a lso  observed .  This i nc r ea se  in 
qc is a t t r ibutable  to an inc rease  in the t e m p e r a t u r e  di f ference between the medium and the wall (AT), which in turn 
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leads to a dec rea se  in the p a r a m e t e r  N = kX/cr0AT 3. 

!qc 

4,13 

Fig.  2. Convect ive component of combined 
heat  t r a n s f e r  as a function of the 
p a r a m e t e r s  N and k6: 1 -N  = 100; 2-100;  

3 - 1 ;  4 - 0 . 1 .  

As a resu l t  of our solution we were  able to const ruct  the t e m p e r a t u r e  f ields near  the wall for  var ious  values  of 
the p a r a m e t e r  N and A T / T  w. 

In Fig .  3 the t e m p e r a t u r e  f ie lds  a r e  r ep re sen ted  for  four  values  of the p a r a m e t e r  N and two values  of A T / T  w at 
Pr = I. 

wrw=-rq 
-0.2 

-o.,~ u x .  / ' [ 

-0.8 \ ,  

-10 ' 
# 6 O' r~r 

Fig.  3. T e m p e r a t u r e  f ield of medium near  
wall  as  a function of the p a r a m e t e r s  N and 
AT/Tw:  1 - N  =100; 2--10; 3--1; 4 - 0 1 ;  
solid l i n e - - A T / T  w = 0.2; broken l i n e - - A T / T  w = 

= 0.3. 

An analysis  of the graphs shows the effect of rad ia t ive  energy t r ans fe r  on the format ion  of the t empera tu re  
f ie ld  near  a hot wall .  

A compar i son  of the t empe ra tu r e  f ie lds  for  convect ive heat t r a n s f e r  only and combined heat t r a n s f e r  shows that 
the t e m p e r a t u r e  gradient  near  the wall  v a r i e s  with the optical density of the medium.  As the optical  densi ty  i nc r ea s e s ,  
the thickness  of the boundary layer  and the t e m p e r a t u r e  gradient  d e c r e a s e .  Consequently,  the photons pene t ra te  to a 
l e s s e r  depth without in terac t ing ,  which causes  a d e c r e a s e  in rad ia t ive  and an inc rease  in convect ive t r ans fe r .  

To de te rmine  the radia t ive  component we use the express ion  [2] 

% [T~ - -  T~] (20)  
q r =  1 1 

Aw 2 

Here ,  it was a s sumed  that A w = 0.85; T6 is the t empe ra tu r e  of the medium at a dis tance f rom the wall  equal to the 
photon mean f r e e  path lp .  

Since I f  = l / k ,  we find the value of the t e m p e r a t u r e  T5 using express ion  (11) with ~?T = 1/k5. 
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With  a c e r t a i n  d e g r e e  of a c c u r a c y  t he  v a l u e  of the  t e m p e r a t u r e  T5 c a n  be  r e p r e s e n t e d  in the  f o l l o w i n g  way." 

r: ' , {  Ar  i (Arl  1 
= T w  - -  T w  4 - -  n - - -  - - 6  n = + 

Tw k 8 \ 7w J (k 6) ~ 

+ 4 (21) 

V a l u e s  of t h e  c o e f f i c i e n t s  of the  t e m P e r a t u r e  f i e l d  in  (21) v a r y  w i t h  A T / T  w and  N ( T a b l e  2). 

T a b l e  2. V a l u e s  of the  C o e f f i c i e n t s  of t he  T e m p e r a t u r e  F i e l d  n and  

m as  F u n c t i o n s  of t he  P a r a m e t e r s  A T / T  w and  N 

A T  

T w 

0.l 
0.2 
0.3 
0.4 

n m n m m n m 

00  0  ,00000008 !il;ii00000   0     0000 0  iiii I 000 0  0.1452 I 0.00004687 0.0008583 0.6665 0.020a9 0.5294 
0 .229  0.0003725 0.007626 1.1796 0.2196 10.009 
0.3499 0.001559 0.0349 1.9179 1.7094 95.98 

Al l  the  c o e f f i c i e n t s  w e r e  found  f o r  e a c h  of the  a b o v e - m e n t i o n e d  v a r i a n t s .  

Thus, to find the temperature T 5 and the radiant heat flux qr it is necessary to consider the effect on them of the 

parameters N and :kT/T w, as well as the Bougucr number (kS). 

S o l u t i o n s  w e r e  o b t a i n e d  f o r  64 d i f f e r e n t  v a r i a n t s  of t he  a b o v e - m e n t i o n e d  p a r a m e t e r s  f o r  c a r b o n  d iox ide .  The  
r e s u l t s  of the  s o l u t i o n  f o r  the  r a d i a n t  h e a t  f lux  a r e  p r e s e n t e d  in F i g .  4. An a n a l y s i s  of the  g r a p h  s h o w s  t ha t  a s  the  
o p t i c a l  d e n s i t y  of t he  m e d i u m  i n c r e a s e s  the  r a d i a t i v e  c o m p o n e n t  d e c r e a s e s .  

�9 p 

d 

2. 
f.a 0 Q~ Q8 /,2 /.8 tl~ k~ 

Fig~ 4. R a d i a t i v e  c o m p o n e n t s  of c o m b i n e d  
h e a t  t r a n s f e r  a s  a f u n c t i o n  of the  p a r a m e t e r s  
N, k6,  and =kT/Tw: 1 - - k T / T  w = 0.2; 2 - 0 . 3 ;  
3 - 0 . 4 ;  a t  N = 1 T w - -  1000 ~ K ( a )  and  700 ~  

(b),  a t  N = 10 T w = 1000 ~ K (c) and  700 ~ K (d ) .  

Our  t h e o r e t i c a l  s o l u t i o n  of the  p r o b l e m  of c o m b i n e d  h e a t  t r a n s f e r  u n d e r  c o n d i t i o n s  of f r e e  c o n v e c t i o n s  shows  
t h a t  t he  p r o c e s s e s  of t h e r m a l  e n e r g y  t r a n s f e r  by c o n v e c t i o n  and  r a d i a t i o n  a r e  i n t e r r e l a t e d .  

NOTATION 

5(x) and  ST(X) a r e  t he  t h i c k n e s s e s  of t he  h y d r o d y n a m i c  and  t h e r m a l  l a y e r s ;  ~ i s  the  r e l a t i o n  b e t w e e n  t h e s e  
l a y e r s ;  x and  y a r e  c o o r d i n a t e s ;  W x and  Wy a r e  v e l o c i t i e s ;  V = y / 5  and  ~T = Y/6T a r e  d i m e n s i o n l e s s  v a r i a b l e s ;  u i s  a 
c o n s t a n t  wi th  the  d i m e n s i o n  of v e l o c i t y ;  p i s  t he  d y n a m i c  v i s c o s i t y ;  g i s  the  a c c e l e r a t i o n  of g r a v i t y ;  T is  the  
t e m p e r a t u r e  of the  m e d i u m  w i t h i n  t he  b o u n d a r y  l a y e r ;  T o i s  the  t e m p e r a t u r e  of t he  m e d i u m  o u t s i d e  of the  b o u n d a r y  
l a y e r ;  T i s  the  t e m p e r a t u r e  of t he  r a d i a t i v e - e q u i l i b r i u m  l a y e r ;  n and  m a r e  t e m p e r a t u r e  f i e l d  c o e f f i c i e n t s ;  p and P0 
a r e  the  d e n s i t i e s  of the  m e d i u m  a t  T and  T 0, r e s p e c t i v e l y ;  Cp i s  the  s p e c i f i c  h e a t ;  a0 i s  B o l t z m a n n ' s  c o n s t a n t ;  k i s  the  

a b s o r p t i o n  c o e f f i c i e n t ;  R and  P a r e  the  g a s  c o n s t a n t  and  the  p r e s s u r e ;  A T / T  w is  the  t e m p e r a t u r e  d i f f e r e n c e  r a t i o ;  
(T w -- T) to  Tw; N = h ( k / a ) A T a i s  the  p a r a m e t e r  c h a r a c t e r i z i n g  the  r a t i o  of the  q u a n t i t y  of h e a t  t r a n s f e r r e d  b y  c o n d u c t i o n  
to the  h e a t  t r a n s f e r r e d  by  
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radia t ion;  Bu = k5 is the Bouguer number ;  Nu is the Nusselt  number  for convective heat t r ans fe r  of a t r anspa ren t  
medium; Nu* is the Nusselt  number  for the convective component of the combined heat t r ans fe r ;  Gr and P r  a re  the 
Grashof and Prandt l  numbers .  
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